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By a joint use of theory and analog simulation the low-friction regime of the
Duffing oscillator is explored. In the weak-temperature case it is shown that the
low-friction regime, in turn, must be divided in two well-distinct subregimes. In
the former one, characterized by the friction y ranging from 2w, (w, is the har-
monic frequency) up to a lower bound y, the method of statistical linearization
applies and a continued fraction procedure (CFP) generated by the Zwan-
zig-Mori projection techniques is shown to provide correct information for both
the renormalized frequency of the oscillator and the corresponding line shape.
The latter subregime, characterized by the friction y ranging from y=0 to
y=7,, is fraught with the complete breakdown of the statistical linearization
method. The CFP is shown to provide an incorrect picture of the line shape
while suggesting a novel mean field approximation which is then proven
analytically via an alternative method of calculation. This method consists of
expressing the system in a form reminiscent of the model of Kubo’s stochastic
oscillator. By using this alternative approach we are in a position to account for
the residual linewidth which is shown by the analog experiment to survive for
y—0.

KEY WORDS: Nonlinear stochastic oscillator; Zwanzing-Mori projection
procedure; multiplicative stochastic oscillator; renormalized frequency;
statistical linearization.

1. INTRODUCTION

The Duffing oscillator is the simplest model for nonlinear systems subject
to random interactions. This explains why in the recent past a large num-
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ber of articles have appeared’ 'V discussing approximate solutions to this
anharmonic stochastic oscillator. This model is described by

X=v
(1.1)
0= —(wix+ Bx’)—yv+ f(£)

This means that a Brownian particle with space coordinate x and velocity v
moves under the influence of an external anharmonic potential, a friction
term, and a stochastic force f(¢), which is assumed to be Gaussian and ¢
correlated, ie.,

S)>=0,  {f0) f(6)> =2D(1) = 29k s TS (1) (1.2)

The corresponding Fokker-Planck equation reads

%p(x, v, t)=Lp(x,v;t)
(1.3)

— a 3 a a : .
=[—va—);+(co0x+ﬁx )%+v<%v+k3TW>] p(x, v;1)

In the present paper this Fokker—Planck equation will be written in such a
form as to make the relevant anharmonicity strength o to appear. This
parameter is defined by

L2

w

S
i

kxT (1.4)
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We do not pretend to provide an exhaustive and a fair picture of the
wide work concerning the challenging field of the nonlinear stochastic
processes: Certainly we are prevented from doing that by our own cultural
background and personal bias. Nevertheless to point out that the present
investigation on the low-friction regime led us to discover a completely
unexpected physical behavior, we must compare our study with a well-
defined group of previous papers. These are divided into three categories.

1.1. Continued Fraction Expansion of the Spectral Density

The paper of Bixon and Zwanzig® is an outstanding example of this
procedure. They evaluated up to nine frequency moments of the spectral
density, i.e., used four terms of the continued fraction expansion. A further
example of a continued fraction expansion is the paper of Matsuo,® who
evaluated up to 56 frequency moments, i.e., about 28 steps of the continued
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fraction expansion. Although largely enough to get a convergence in the
high-friction regime, a truncation of the continued fraction at about the
same order as Matsuo is proven by the results of this paper to lead, in the
low-friction case, to completely unreliable results. The continued fraction
procedure (CFP) used in this paper is virtually an improvement of that
developed by Bixon and Zwanzig."¥ This procedure will be shortly
reviewed in Section 2, and more details on it can be found in Refs. 12-14.
By using this computer algorithm we are in a position to evaluate up to 40
steps of the continued fraction expansion. The major result arrived at in
this paper via application of the CFP is that the renormalizated oscillator
frequency changes from Q.;=w,+ 2z into Q.= w,+ o with decreasing
the friction parameter y from y>a to y<o. It is also shown that the low-
friction regime (y < ) is characterized by a residual linewidth which cannot
be accounted for by using the CFP (unless a novel very efficient resum-
mation technique is found).

1.2. Mean Field Approximation

A major purpose of the wide research work on the Duffing oscillator is
to find a linear transport equation which leads to the same average values
as the actual nonlinear microscopic equation of Langevin kind on which
the proper description of this system should rely. According to Bixon and
Zwanzig® this linear equation should be restricted to small initial
deviations from equilibrium. We shall show that this statement must be
supplemented by the requirement that

A<y (1.5)

A simple illustration of the linearization procedure is as follows. Let us
consider the equilibrium correlation function

P (1) = {x(0) x(1) )/ (x> (1.6)

from, e.q., (1.3) we obtain

d
pr @, (1) = {x(0) v(2) >/<{x*> (1.6a)
d<{x(Q)ov(r)> (x(0)v(2) >
i —wod)x(t)_yT
_p {x(0) x*(1)) (1.6b)

x*>
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We observe that the last term on the right-hand side of Eq. (1.6b)
generates an infinite hierarchy of equations. The simplest way of truncating
this hierarchy is to make the mean field assumption:

(x(0) x*(1) > = 3{x*){x(0) x(1) (1.7)

The factor of 3 comes out from the fact that in the weak-temperature
region

[<x(0) X*(1) Yeq Jemo = <x*) 23577 (L.7a)

When only the first two steps of the corresponding expansion are used, the
CFP!2'% produces the same result. It is therefore correct to state, as Mat-
suo did,'® that the continued fraction expansion method includes the
method of the statistical linearization. We see indeed that Eq. (1.7a) leads
to the same renormalized frequency as the method of the “statistical
linearization”,®”'") From Egs. (1.5) to (1.7a) we get the renormalized fre-
quency defined by

Q= (0F + 3k 5 T/23)'* = o + 20t (1.8)

which is precisely the same result as that provided by the statistical
linearization. Further remarks on this issue may be found in Ref. 2.

The major result of the present paper on this issue is that the mean-
field approximation leading to Eq. (1.8) fails completely in the low-friction
regime characterized by

y<a (1.9)

By using a completely analytical theory it will be shown indeed that a
novel mean-field approximation must be applied leading to (for y <a)

Qeﬂ":wo""a (110)

1.3. Analog Simulation

The work of Morton and Corrsin'") and that of Bulsara et al.'®) are the
unique analog simulations of the Duffing oscillator known to us. These
interesting works left unexplored the extremely weak friction region of
Eq. (1.9). To explore this regime via analog simulation required significant
technical improvements, which will be illustrated in Section 5. It is worth
remarking that the role played by analog simulation in this paper is deter-
minant. The clear indications of the experimental results served the main
purpose of questioning this seemingly undoubted prediction of the CFP
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(see the discussion in Fig. 4): In the extremely low-friction regime the dis-
tribution of the frequencies higher than w, is “quantized” rather than con-
tinuous. This does not agree with the existence provided via the analog
experiment, of a residual line width which survives for y — 0. Thus the
theory developed in Section 4 has been largely suggested by the analog
simulation. Note that, although it is relatively straightforward to establish
an analytical result for the deterministic case y=0 (no stochastic force is
present), it is not immediately clear whether or not this is really the limit
for y — 0 of the actual stochastic system.

The outline of the present paper is as follows. Section 2 is devoted to
illustrating the results of the CFP. Section 3 provides an intuitive picture
for the low-friction regime characterized by y <. Section 4 is devoted to
showing that this regime requires a novel mean-field approximation which
naturally stems from a representation of the system as a multiplicative
stochastic oscillator. The “experimental results” obtained via analog
simulation are described in Section 5, which is also devoted to a com-
parison between “experiment” and the theoretical predictions.

2. THE CONTINUED FRACTION PROCEDURE

To make the present paper as self-contained as possible, we shall
shortly review the CFP of Refs. 12-14. This method relies on the fact that
the evaluation of a stationary correlation function implies that the system
reaches a well-defined steady state. The Fokker—Planck equation of
Eq. (1.3) is proven to have the equilibrium solution of canonical form

2.2 R N
peq(x,u)ocexp[—<wo; +B%+%>/kBT} 2.1)

If we define the scalar product between two observables A(x, v) and B(x, v)
as

(A B>EJA*(x, b) B(X, 1) peg(x, v) doxd (22)

the correlation function

D,(1)=<a(0) a(1)>/{a*) (2.3)

where a(x, v) is a variable depending on x and v can then be given the
“quantum mechanical” form

D)= {Sol fo(t)D/<{Sol fo> (24)

822/41,3-4-14
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where
| /o> =alx, v) (2.5)

| /o> is thought of as the first of a chain of states (the Mori basis set'?),
which is the best expansion basis set of the operator of Eq. (1.3) when aim-
ing at determining the correlation function @,(¢). This is indeed a
generalization of the well-known Mori theory!* to the case of non-Her-
mitian operators.!%1%)

The chain of the Mori states is built up as follows:

Vi>=—4olSo>+Z 1 fo> (2.6)
Jil==<Jol Ao+ {fol £F (2.6a)
fo==k \fiiOo-4 id+ L fico, i=2. (27)
Jil==h Tl =47 Finl+Fl &7, i=2. (27
Ar= =T SO/ Tia L fizs i=L.. (28)
=Tl LI [ i=0,1,.. (29)

Note that #* is the Hermitian conjugate of % with respect to the scalar
product defined by Eq. (2.2). The evaluation of the states | f,> and {f;| via
an iterative approach leads to the direct determination of the fundamental
parameters 4; and 4% [Eqgs. (2.8) and (2.9)]. The iterative evaluation of the
states | f;>, in turn, is possible owing to the fact that & |f,> can be given
the form

Llfi>=>, D x"" exp{—{V(x)—i—%j/kBT} (2.10)

This affords a complete solution of the problem under discussion,
because the spectrum of the variable 4 is given by

I(w)=Re Jwe""‘”d?a(t)thRe & (iw) (2.11)
0

and @ (iw), in turn, can be expressed '>'*) in the continued fraction form

& (iw)= ! (2.12)

2
iw+ Ao+

1

. e
la)+/11+,—
la)+;t,2+'..
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By using a computer algorithm we can determine about 40 Mori
states. The method can be improved via exact resummation over the
infinite terms of the expansion. Some special cases lead to an exact resum-
mation of the continued fraction. These are the following.

2.1. Kubo's Stochastic Oscillator!'®

The well-known model of the multiplicative stochastic oscillator of
Kubo reads

a, (1) =in(t) o, (1) (2.13)

where #(¢) is a Gaussian stochastic variable defined by

{n(r))=Q (2.14)
{4n(0) dn(1)y = 4% exp{ —yt} (2.14)
an=n—<{ny=n—2 (2.15)

By following Kubo!'® we get

~

JOOO o (0)a (1)) e " dr= G

AZ

(2.16)

—iQ
z—102+ 4 Y
z—iQ+y+

3
Z—iQ+ 2y +——
where
AZ
Ca_(O)ya (t))=<a_a,>exp [— F(e“”— 1 +yt)+iQt} (2.17)

On the other hand, for y -0, {a_a,(t))., of Eq. (2.17) becomes
D ()= (a_ o, (1)) =La_a, ye P (2.18)
The Laplace transform of which is

st(z) — _1_ el —z)2/24?

o0 — (i — z)/d 5
e dx 2.19

4 J\f(iQ - z)/4 ( )

We therefore conclude that for y >0 and Q=0 Eq. (2.19) expresses the

result of summing the continued fraction of Eq. (2.16) to infinite order.
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2.2. A One-Dimensional Chain of Harmonic Oscillators"”

Let us consider the system described by

Xo="0g

bg= —K(xXg—X;)

Xy =10y

b =k(xy—x;)—K(x; —Xx;) (2.20)
X, =0,

0y = K{x; —X3) — K(x; — X3)

It is well known® that
(1) = Cwovo(1) D/<B3> = Jo(2 /% 1) (2.21)
the Laplace transform of which is

- 1

CID,JO(Z)=—(Z2 e (2.22)
On the other hand, from Egs. (2.20) it turns out"”) that

- 1

P, (z)= Ve (2.23)
z+ VE
zZ+ VE
z+
z+ .

Equation (2.22) is therefore the exact summation of the infinite continued
fraction of Eq. (2.23).

2.3. The Lorents model of turbulence?

Grossmann and Sonnenborg-Schmick*®) have recently studied the
chaotic properties of the Lorentz model through representative dynamical-
correlation functions. By using the Mori-Zwanzig projector formalism they
expressed these correlation function in a continued fraction form. They
could evaluate up to seven Mori states, which were proven to be far from
being enough to explain the major features of the Lorentz spectra.
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However these authors could assess that the Lorentz turbulent regime is
characterized by the following power law:

A2 =4 (2.24)

In their case v turned out to be v=2. We shall refer to this type of con-
tinued fraction as the Lorentz model of turbulence.*®’ Note that by summ-
ing this continued fraction to the infinite order Grossmann and Sonnen-
berg-Schmick obtained a broad spectrum that satifactorily agrees with the
experimental one, whereas truncation at the sixth stage resulted in only
two sharp transitions.®

We note that®")

« b sin h(x) 1
jo o S0 = (2.25)
z+
43

Z———

z+ 45 .

where
-2b2_1

When i3> 1 this simulates fairly well the power law of the Lorentz model of
turbulence. Since in the present paper summation to infinite order will be
made after actually calculating about 40 Mori states, Eq. (2.25) will
approximate fairly well the power law of Eq. (2.24).

The summation to infinite order will be carried out as follows. Let us
assume that

b=Fyz)= YE (2.27)
Z_/A{«()"i“ ! A2
2

z— A+

is a function, which can also be given by a fairly simpie analytical
expression. Note that
o A?
Dfz)=—"— (2.28)
z—Ai+ P, 4(2)
Then through iterative application of the inverse relation -

- A?
D (z)=r——z+ 4 2.29)
by =2
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we can express a generic @,(z) in terms of the parameters
Aoy Mgy Ag_1, A%, 42,.., A2, and the analytical expression &(z). This
analytical expression will be provided by one of the afore mentioned cases.

Figure 1 illustrates a significant result of the CFP procedure applied to
evaluating the correlation function @ ,(¢) of the Duffing oscillator. This has
been the subject of a preliminary short report.”?> We see that the nor-
malized frequency changes from Q. ;= w,+ 20 at y> o into Q5= w,+ o at
y <o This means that the regime y <o is characterized by a complete
failure of the usual renormalization technique.

Figure 2 illustrates the spectra Re & (iw) at different values of y/a.
Special attention is deserved by the spectrum in the regime y <o, which is
characterized by two sharp peaks. This is in marked contrast with the
result of the analog simulation of Section 5, which proves the existence of a
residual linewidth the size of which is about a. To shed ligtht into this dis-
agreement we evaluated via the CFP the behavior of the parameters 47 as
a function of the parameter y. We noted (see Fig. 3a) that when y >« these
parameters undergo a weak fluctuation at low values of the index i As a

a)°+ Za—-»

14 0.0 14
106, ,(7/a)

Fig. 1. The maximum of Re & (iw) [the real part of the Laplace transform of @ (1) of
Eq. {1.6)] as a function of the friction parameter y. The solid line illustrates the result
obtained by using the CFP of this section, whereas the line denoted by large dots indicates the
result provided by Eq. (4.27). The discrepancy between the two results at large values of y
mainly depends on the fact that there the conditions for the rotating-wave approximation
behind Eq. (4.6) are not fulfilled. The dashed line denotes (Q%; —y¥*)"2, where Q. is provided
by the statistical linearization of Eq. (1.8), and shows therefore that at y>» o this mean-field
method gives correct results. The parameter o used is: « =0.0075.



Duffing Oscillator in the Low-Friction Limit 563

Cdnd - e
N }l - s
/ \ /(1 A
Y
/! N
, N
/ N
N 7 AN
i N
- , b 2
N rd
/ . . -
1 .7 ’
’
/ N - P ,
. d 4 . .
A . z
f g
S . P
7 A 2 SN,
~ e »<
[ N e s PR 2
A
N N e - ’ S-S
- 2
N A T
1 "
=
-~ - i
1 TN e
PO
1 - - o<
e 4 PR
e ’ . N
d R

Oa—’ oq, ~30, Aw=0-w,

Fig. 2. The real part of the Laplace transform of & (1), Re &, (iw), at several values of
the friction y. (1) y/a =0, (2) y/a=1/2, (3) y/a =1, (4) y/a=2. The solid line denotes the result
provided the CFP with 35 Mori states and standard truncation (i.e., without additional sum-
mation at infinite order). The curves —-~-— at y=0 and ~---— at y=0/2 denotes the result
provided by Eq. (4.20). The curves ——— at y=o and y =2« denote the result provided by
Eq. (4.27). The arrows denote the position of the maximum of the solid lines. The abscissas
conecern Aw = w — g, the origin of which is pointed by 0. The scale of ordinates, concerning
Re & (iw), is expressed in arbitrary units. The parameter a used is o = 0.0075.

certain threshold i, is reached these parameters start exhibiting a much
more fluctuating dependence on the index i. This allows us to truncate the
Mori chain at the (i,-)th order without affecting the resulting spectrum
with any significant error. On the contrary, the regime y <« is characterized
by a more regular behavior which makes it difficult tc truncate the Mori
chain at any order. Figure 3b clearly shows that the regular behavior of the
region y <o may be expressed via the power law of Eq. (2.24) with v~25,

Figure 4 illustrates the results of applying different kinds of summation
at infinite order. It is shown that all the different methods virtually lead to
the same result: a major peak at w~wy,+ o and a satellite one at about
= wy + 3. This would suggest the following interpretation picture: Weak
as it is, the stochastic force f(r) cf the Eq. (1.1) is able to establish (via the
fluctuation-dissipation process) the temperature 7. This means that from
time to time the Brownian particle is obliged to leave the bottom of the
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Fig. 3. The behavior of the parameters 47 as a function of i. In both cases the value of the
parameter o used is « =0.075. (a) Linear plot pointing out the change from a fluctuating
behavior to a regular one when the region y~a is reached. Dashed line, y = 10a; solid line,
y=6a. All the cases with y < 6a virtually coincide with the solid line. The arrows denote the
values of the corresponding parameters 42 out of scale. (b) The behavior of the parameters 4?
as a function of i illustrated via a bilogarithmic plot. The full line refers to the case y=0. The
dashed line indicates 4% =" with v=2.5.
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W, W0 B30 w

Fig. 4. Re &, (iw) as a function of . The curve has been obtained by evaluating 35 states of
the set of Eq. (2.6) to Eq. (2.7), and making a subsequent summation at infinite order were
based on the model (2). If this summation were made by using either the model (1) or (3) this
would provide results indistinguishable in the scale of this figure from that based on the modei
(2). Note that virtually the same result would be obtained by summation over 440 states (the
first 40 states being rigorously determined via Eqgs. (2.6) to (2.7') and the remaining ones via
an extrapolation method based on Eq. (2.24) with v=2.5) and subsequent summation at
infinite order with any one of the models (1) to (3). Ordinates refer to Re & .(iw) expressed in
arbitrary units. « =0.075, y=0.

well and explore regions of higher potential energy. Then, in consequence
of the anharmonic contribution to the potential ¥ the Brownian particle
“feels” effective frequencies larger than w,. The results of the CFP would
imply, on the other hand, that the distribution of these effective frequencies
is “quantized” rather than continuous, as it should be within the
framework of the classical mechanics, and the constant of quantization
would be precisely the anharmonic strength « [Eq. (1.4)]. However, both
analog experiment and theory (see next section) show that these sharp
transitions, if they exist, are embodied within a broad spectrum. This leads
us to believe that for this broad spectrum to be reproduced by the CFP it
may be necessary to make a summation at infinite order closer to the
power law v=~2.5 which characterizes the extremely low-friction regime.
Note that the turbulent regime of Lorentz is characterized by the power
law: v=2."%) This seems to suggest that the residual linewidth of size « at
7 =0 may be the effect of a transition from the standard stochastic regime,
depending on the influence of infinite irrelevant freedom degrees, to the
deterministic chaos. This is a sound hypothesis because the system cf
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Eq. (1.1) can be regarded"® as being a collection of infinite systems such

as .
X=0

b= —(wix+ px*)—k'(x — yo)

Yo=Wq
Wo= —K(yo—X)—K(yo— ¥1) (2.30)
yi=wy

Wi =k(yo— y1) —K(y1— y2)

with a canonical equilibrium distribution. Each system of the collection is
characterized by a well-defined energy E which is a constant of the motion.
If it happened that at a certain critical energy E. a transition to chaos due
to the anharmonic term of the Duffing oscillator takes place,” then beyond
this threshold the spectrum of the variables x and » would be determined
by the deterministic noise rather than depending on the standard fluc-
tuation-dissipation process caused by the interaction between the Brownian
particle and the “thermal bath” particles with coordinates y,, v,,.., Viye-
[simulated in Eq. (1.1) by the friction term —yv(z) and the stochastic force
f()]- Of course the study of the transition to chaos of the system of
Eq. (2.30) affords evident technical difficulties. We focused therefore our
attention on

X=v

s 2 3 2

U= —(wgx + x7) — Q(x — y,) (231)

y=w

W= —Q*(yy—x).

If the residual linewidth exibited at y <o« depended on this transition to
chaos, one would expect that the system of Eq. (2.31) is characterized by a
critical energy given by

£ 4 wiQ

c ~ 3 ﬁ

This prevision is obtained from the mere definition of o of Eq. (1.4) by
replacing k5 T with E, and y with Q (which in a sense has the same mean-
ing as 7, i.e., a rate of energy exchange between the system of interest and
its “thermal bath”).

2For a few papers on the transition to chaos in the Duffing oscillator, see Refs. 23a to 23c.
Closely related to this subject are also the papers of Refs. 23d and 23e.

(2.32)
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We explored values of the energy E up to E~ 10°E, without detecting
any deviation from the standard deterministic behavior. This means that
the power law with v =2.5 must be regarded as being nothing but a mere
sign of strong non-Markoffian behavior preventing us from using the usual
truncations of the Mori chain. The similarity between this and the Lorentz
turbulent regime*”) probably only implies that the spectrum of chaotic
systems with a few freedom degrees shares some common features with
those non-Markoffian systems the chaotic behavior of which depends on
the influence of infinite “irrelevant” freedom degrees.

In the next two sections we shall illustrate the actual physical reason
behind the residual linewidth characterizing the regime y < a.

3. A DETERMINISTIC MODEL FOR THE EXTREMELY LOW-
FRICTION REGIME

For y — 0 the trajectories of the Brownian particles are virtually deter-
ministic. An extremely weak stochastic force from time to time produces
transitions from a deterministic orbit to another one. When dealing with a
sample of Brownian particles, these must be regarded as being distributed
according to a canonical law, each one undergoing a completely deter-
ministic motion characterized by a well-defined energy E. Owing to the
nonlinear character of the potential

V(x)=3wix*+ ipx* (3.1)

a finite temperature distribution makes frequencies higher than the har-
monic one, ®,, appear. A particle which undergoes oscillations of
amplitude 4 is characterized by the fundamental frequency

0?=wi+3B4%  BA <ol (3.2)

This expression is approximated and corresponds to the first step of a fre-
quency renormalization procedure®® widely used to solve the equation of
motion in nonlinear systems. In the case under discussion, either by means
of numerical integration or using the Jacobian elliptical functions, it would
be straightforward to reach a better approximation to this frequency. In
general this depends on the amplitude 4 of the oscillation and therefore on
the energy of the particle:

w = o(E) (3.3)
E=loA? +1p4* (3.4)



568 Fronzoni et al.

To find the explicit form of the autocorrelation function we will make the
assumption that the motion of the particle be represented only by its first
harmonic component:

Uy .
x(t) = xq cos wt + — sin wt (3.5)
)

In order to evaluate (x(0)x(z)>., we must average over all the possible
initial conditions taking into account the weight given by

1
{2[E-V(x)]}"

p(E, x) o2e E/ksT (3.6)

which is obtained from the canonical distribution function by making a
transformation from the variables x, v to the new ones x and E. We obtain
therefore

o 4 E xZcos w(E) dt
0 — 0 3.7
(x(0)x()y oc 2| "dE[" dx, exp( kBT) oE v O
the Laplace transform of which leads us to expect
dE 4 x2 dx
I 2 — EjkgT =~ 0 0 .
() o 2e o J,A 20E—Vixg)1]7? (3.8)

where @ and E are related to one another through Eq. (3.3), or, in an
approximated form, Eq.(3.2). The assumption that « [defined by
Eq. (1.4)] is small allows us to evaluate the integral appearing in Eq. (3.8)
and the normalization factor involved by Eq. (3.6), thereby leading us to

Ix(w)=ge*5/kBT%E (3.9)

The factor of #/2 comes from the definition of Eq. (2.11). In order to derive
Eq. (3.8) we made only the assumption of neglecting the third- and higher-
order harmonics in the solution of the equation of motion. This is certainly
a valid one in the limit of small «. The prediction of Eq. (3.8) supplemented
by Eq. (3.2) will be shown to agree very well with the experimental results
of Section 5 (see Fig. 7).

As to the energy diffusion this approach can be extended to the case of
finite friction parameter y by adopting the Stratonovich method®® widely
applied by the La Jolla group.®® In the next section, however, we shall
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follow a different approach relying on the Fokker—Planck equation of (1.3)
and the rotating-wave approximation. It is proven that in the limit case of
small « and vanishingly small y, the result of this deterministic model,
Eq. (3.9), coincides with Eq. (4.20).

4. A NOVEL MEAN FIELD APPROXIMATION

Let us write the Fokker—Planck aquation of Eq. (1.3) in terms of the
new variables

%y =0T IweX (4.1)

We then obtain
2 (a,,a_;1)=<—I g d
g P\ B D= T G e T
if [ 0 0 3
+8—@§<K+55Z>(“+—°‘)
Y 0 d
+2|:<ac—+"+—a‘a—>(0t++1)

lo ey e _
+ 2KBT<EE:+K>(£:+E>]}p(a+,O(_,Z)

(4.2)

Let us consider the first term on the r.hs. of Eq. (4.2) as being the unper-
turbed part %, of the operator ¥. When written in the corresponding
interaction picture, Eq. (4.2) reads

d
Eﬁ(OC_F,O(_;l):Z([)ﬁ(OCJr,O(;;l') (43)

where
L)y =e LS e (4.4)

and

e 0 T I
Z_8w3<5a++6a)(a+—u") +§|:<5Z+5a >(oc++(x)

0 0 0 )
+ 2k3T<5&—+—+5§j><‘a;:+aa*>] (4.5)
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Let us assume
woe> AT (4.6)

where A7 is the linewidth of the spectrum of the variables of interest, x and
v. We are then allowed to replace #,(¢) with its time average over the fast
time oscillations with frequencies + 2iw,. We thus obtain

6 —_—
= a3 0= F0) pla,,as0) (4.7)

38 [ 0 o
‘%E—ga)—g<£—;aia*~—~aa—a;a+>

where

y[ 0 d 0 0
== 4k T — — 4.
+2<aa+“++aa Rl (48)
Note that in this rotating frame of reference the system appears to be
characterized by the equilibrium distribution

~ oo
p(%,a‘)oceXp(— 27{ T> (4.9)
B

This implies an assumption of weakly anharmonic interaction. We shall
show indeed that for y — 0 the linewidth is dominated by the anharmonic
strength « [Eq. (1.4)]. In such a case the condition of Eq. (4.6) results in

a<wy (4.10)
i.e., precisely an assumption of weakly anharmonic interaction. When the

condition of Eq. (4.10) is fulfilled we are allowed to use this reference
system, where the variable energy reads

E=o0,0_/2 (4.11)

It is now convenient to make a new change of variables. We replace
o, and «_ with o, and E. This is equivalent to replacing Egs. (4.7) and
(4.8) with

d .
EP(‘X+,E;Z‘)
38 ] a
[‘ za(a“ +>E”"BT<a_a:°‘+)5E
0

y 0 0 ] .
r 2 1) (4.
Pt <6EE+k TaEEaE>]p(<x+,E,t) (4.12)

i
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Note that the last change of variables is especially suitable when exploring
the region where

y <o (4.13)

We see indeed from Eq. (4.12) that the frequency of oscillation of the
variable o, is precisely a (note that {E)>=kyT), whereas the variable £
decays with the rate 1/y. When the condition of Eq. (4.13) is fulfilled, the
variable o, must be considered as being much faster than E. Since the
derivative d/0o, always appears on the left side, contraction over the
variable o, cancels all the terms on the right-handside of Eq. (4.12) but the
last one. We thus obtain the energy diffusion equation

0 0 d 0

) a(E; 1) (4.14)
which is characterized by the equilibrium distribution

Oeq(E) oc exp(—E/kT) (4.15)
We note also that the motion of E does not depend on the variable « , .

The time evolution of « , , on the contrary, is deeply dependent on E. From
Eq. (4.12) we indeed obtain

M,):i%%mz)_%mz) (4.16)
From Eq. (4.16) we get
%_(0)a, (1)=2exp [(z’-i—ﬁE—%) t:lE (4.17)

To determine the correlation function {a_(0)«,(0)> we must make an
average over the equilibrium distribution of Eq. (4.15). This leads to

1

=2k Te W2
(xa(0)) = 2HTe™ P s

(4.18)

It is also evident that

(a,(0) 2, (1)) =0 (4.18")
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We must now come back to the laboratory system. It can be shown
that [we use Eq. (4.18)]

Re .
{x(0) x(1) ) =5— Ca_(0) ., (1)) ™' (4.19)
2w;
This leads to the spectrum

© fpT [(1 —a?t?) cos wyt — 2ta sin wqt ] .

I =R —(y/2)t , — iw? dt
x(w) € J;) 60(2) (1 4 (12[2)2 ¢

(4.20)

Equation (4.18) shows that the correlation function {a_(0)a (#))
changes sign at ¢ = l/a thereby implying the presence of the frequency «
into I,(w). Note that this oscillation frequency could be arrived at by
replacing the factor of 3 of Eq. (1.7) with 3/2. This would be disconcerting
without the analysis of the present section, which leads indeed to a com-
pletely novel mean field approximation. In other words, in the weak fric-
tion regime it is still possible to replace the real anharmonic oscillator with
an effective “linear” one provided that Kubo’s picture of stochastic
oscillator!® is used, ie.,

()= i) 2., (0) (421)

where the stochastic frequency #(¢) is characterized by
(n(t)) =« (4.22)

The variance of n can be evaluated by remarking that # can be identified
with the variable energy E. Thus we have

{(n—a)*)=o (4.23)

Kubo’s equations*® can then be suitably adapted to deal with this case,
thereby providing (4w = w — wy)

I() = exp [_ E’ﬂg_"‘f] (4.24)

o4

which is certainly worse than Eq. (4.20), since Kubo’s formula® rests on
the assumption that 5 is a Gaussian variable and loses therefore the asym-
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metric character of Eq. (4.20), character which is corroborated by the
experimental results of the next section. However, this is to remark that the
residual linewidth for y — 0 is no doubt the same kind of phenomenon as
that behind Kubo’s stochastic oscillator in the highly non-Markovian
regime.

Equation (4.12) can also be used to provide results which are not con-
fined to the case y<a. If we define

D ()=<Ca_E'a (1)) (4.25)
from Eq. (4.12) we obtain
d ] 1
Zi_td)”:la(p"_y n+§ @, +yymn+ 1) D, _, (4.26)

By using the iterative procedure illustrated in Ref. 29 we get

Bo(z) = Fol2)((ed + Fi(z) al({e?) + Bo(z) a3({e® > + Fa(z) ai({e* > )

{4.27)
where
~ 1
FO(Z): alao
z—}vo——9—1—2 , (4.27")
A _ aya;
o Z‘)uz
A 1 ,
Fi(z)= oy (4.27")
Z_ll“* 12

z—Il,—a’a’

and so on. Note that a" '=yn(n+1), a"t'=ix, 1,= —y(n+1/2) and
e¢= E/kT. The last definition leads to (&">=nd{e" !>, (e>=1.

This expression can be applied to studying the region y3 o where it is
proven to predict the maximum of I (w) at w=wy+ 2. Of course the
plateau at y>a predicted by Eq. (4.27) (see Fig. 1) depends on the fact
that this equation relies on the rotating-wave approximation and therefore
should be compared with the result provided by the CEP in the limit
Wy —> 0.

Before closing this section, we would like to stress a remarkable result
provided by the theory here developed. The regime where statistical
linearization applies is mainly dominated by the influence of the standard

822/41/3-4-15
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fluctuation-dissipation processes related with the terms —yv and f(z) of
Eq. (1.1). On the contrary at y~o the system enters a new regime with a
line shape very close to that of the purely deterministic case y=0 (see
Figs. 1 and 2). As a major result of this paper, it is therefore shown that the
deterministic character of the system is dominant throughout the whole
interval 0 <y ~ao.

5. ANALOG SIMULATION AND COMPARISON BETWEEN
THEORY AND EXPERIMENT

The experimental apparatus is basically a development of that used in
Ref. 27. Furthermore, more details can be found in a separate paper.®®
For the sake of clarity we shall limit ourselves to illustrating the
“experimental” apparatus via the scheme of Fig. 5.

The Duffing equation

¥= —y%—wix—Bx’ (5.1)
was simulated using two integrators coupled with two multipliers. The
voltage V, (Fig. 5) was kept fixed so as to get the linear term wgx at the
end of the second multiplier. The damping y was changed by means of a
resistance of feedback in the first integrator.

To determine the spectrum of the variable x a Gaussian white noise
was applied to the input of the analog device. The x output was sent to a
computer so as to evaluate the power spectrum.

computer |-o §(w)

M
|
<

noise
generator

Fig. 5. Scheme of the experimental apparatus.
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The extremly low-friction regime that we are exploring in this paper
involves some technical difficulties:

(a) The low values of y are obtained from high values of the feedback
resistance of the electric device.

(b) In this case the electric circuit is particularly sensible to the inter-
nal noise because the amplitude of the noise applied was reduced so as to
keep (x*),, fixed.

{c) The largely inertial character of the system obliges us to make
averages over extremely long intervals of time. This in turn enhances the
drift resulting from the thermal variations of the electric components.

The limitations (a) and (b) were bypassed by choosing the parameter
« sufficiently large, though still small compared to w, (In the case explored
in this section we used « =0.067w,). The thermal drift (c) was avoided by
making the measurements after waiting the time necessary for the electric
components to reach their stationary values. Of course, the cautions we
used are not sufficient for the results of the measurements to be totally
reproducible, and little fluctuations still haunt the spectrum.

In Fig. 6 we show this spectrum at several values of y. The transition

; w0

S(w) (arb. units)

w(10°rad/sec )

Fig. 6. The free relaxation spectrum of the variable x at different values of the friction y. The
curves 1, 2, and 3 concern y=0.011w,, y=0.04w,, y=0.182w,, respectively. The arrows
denote the positions of the frequency w, +«, where wq = 11 600 rad/sec and a =0.067w,.
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from the regime where Eq. (1.8) holds to that where we must apply
Eq. (1.10) is clearly shown by this figure.

In Fig. 7 we compare the theoretical predictions on y<a with the
result of analog simulation. The good agreement between theory and
experiment corrohorates our statement that (at about y~a) a transition
takes place from the region where statistical linearization holds to another
regime which requires the novel mean field approximation illustrated in
Section 5 (which is proven by Fig. 7 to predict the position of the peak
with satisfactory precision).

We must also conclude that the appearance of sharp peaks at y <o is
an artifact of the CFP which should be still more marked when less effec-
tive computer algorithms are used. Thus analog simulation played a
decisive role in leading us to reach the correct view, according to which the
sharp satellite peak appearing at w = wy+ 3« is the sign of an asymmetric
broadband, peaked at w=w,+ a. Note that the distance between the
major peak and the satellite one is 2e, which is precisely of the same order
of magnitude as the residual broadening,

A previous case of investigation on the extremely low-friction limit is
that of Risken.® His work concerns the case of a cosine potential.

arb. units

10

Fig. 7. The spectrum of the free relaxation of the variable x in the extremely low-friction
regime. The solid lines describe the spectrum of Eq. (4.20). The dashed line describes the
deterministic spectrum of Eq. (3.8) supplemented by Eq. (3.2). The result of analog simulation
is given by the large full line. The parameters used are o=0.067w,, y=00108w,, and
wo =11 600 rad/sec. The arrows denote the frequencies wq and wg+ «.
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However, in the low-temperature limit this is not distinguishable from the
model of Eq. (1.1) with f<0. When this is taken into due account, his
analytical result is proven to coincide with that of Eq. (4.20), thereby com-
pletely corroborating our point of view. Ref. 31 shows furthermore how to
extend the approach of the present paper to the case of Josephson junction
potential.

6. CONCLUDING REMARKS
The major results of this paper are the following.

(i) The CFP of Ref. 14 which is basically founded on the Zwan-
zing-Mori projection method and therefore closely related to the Bixon-
Zwanzing method® is virtually reliable over the whole friction interval, if
our attention is focused on the maximum of the spectrum. This paper
shows that the CFP allows us to discover the transition from the region
where (in the low-temperature approximation) this maximum is placed at
= wy+ 2a, to the new one where it appears at @ =wy+«. This also
establishes a lower bound to the techniques of statistical linearization,
placed at about y~o. In this region, left unexplored by the previous
investigations based on the continued fraction method, ie., Refs. 3 and 8,
the CFP provides wrong information on the detailed shape of the spec-
trum, although the position of its center of gravity remains correct. A
problem left not completely solved by this paper is whether or not a proper
summation at infinite order exists which allows the CFP to provide a more
reliable linewidth.

(ii) The transition from (4®)y.c=2a to (4w)y., = is completely
corroborated by the result of analog simulation (see Fig. 7).

(iii) A new theory is established, based on the rotating-wave
approximation, which is correct (as far as both the line shape and
maximum are concerned) throughout the whole friction range. This theory
shows that an interpretation in terms of an equivalent “linear” oscillator is
still possible, provided that this oscillator is given the form of a Kubo
stochastic oscillator.'® The discrepancies between this theory and the
results of the analog simulation must principally be ascribed to the fact
that for technical reasons the analog experiment cannot explore those
regions where the errors coming from the rotating-wave approximation are
really negligible (« cannot be made much smaller than w,). To corroborate
this statement, let us consider Fig. 7. The discrepancy between the result of
Eq. (3.8) and that of Eq. (4.20) depends, in part, on the fact that the for-
mer one applies to the case y =0, whereas the latter concerns y ~ 0.1a. This
remark applies especially to the low-frequency side. However, y is not large
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enough as to account for the disagreement between Eq. (3.8) and
Eq. (4.20) in the high-frequency side, which has to be ascribed therefore to
the rotating-wave approximation. Thus by inspection of Fig. 7 we see that
the rotating-wave approximation is largely responsible for the discrepancy
between the theory of Section 4 and the experimental results.

ACKNOWLEDGMENT

We warmly thank Prof. Sandro Faetti for illuminating discussions on
subtle physical aspects of this work.

REFERENCES

1. J. B. Morton and S. Corrsin, J. Math. Phys. 10:361 (1969); J. B. Morton and S. Corrsin, J.
Stat. Phys. 2:153 (1970).

. A. R. Bulsara, K. Lindenberg, K. E. Shuler, R. Frehlich, and W. A. Coles, J. Non-Linear
Mech. 17:237 (1982).

. M. Bixon and R. Zwanzing, J. Stat. Phy. 3:245 (1971).

K. S. J. Nordholm and R. Zwanzing, J. Stat. Phys. 11:143 (1974).

. A. B. Budgor, J. Stat. Phys. 15:355 (1976).

. A. B. Budgor, K. Lindenberg, and K. E. Shuler, J. Stat. Phys. 15:375 (1976).

A. B. Budgor and B. J. West, Phys. Rev. A17:370 (1978).

K. Matsuo, J. Stat. Phys. 18:535 (1978).

. A. D. Bulsara, K. Linderberg, and K. E. Shuler, J. Stat. Phys. 27:787 (1982).

M. C. Valsakumar, K. P. N. Murthy, and G. Ananthakrishna, J. Stat. Phys. 30:617

(1983).

11. B. J. West, G. Rovner, and K. Linderberg, J. Stat. Phys. 30:633 (1983).

12. P. Grigolini, J. Stat. Phys. 27:283 (1982).

13. P. Grigolini, Nuovo Cimento 63B:17 (1981).

14. P. Grigolini, in Memory Function Approaches to Stochastic Problems in Condensed Matter,
M. W. Evans, P. Grigolini, and G. Pastori Parravicini eds. (I. Prigogine and S. A. Rice,
general eds.) Adv. Chem. Phys. 62:1 (1985); G. Grosso and G. Pastori Parravicini, ibid.

15. H. Mori, Prog. Theor. Phys. 33:423 (1965); 34:399 (1965).

16. R. Kubo, Adv. Chem. Phys. 15:101 (1963).

17. M. Ferrario, P. Grigolini, A. Tani, R. Vallauri, and B. Zambon, in Memory Function
Approaches to Stochastic Problems in Condensed Matter, eds. M. W. Evans, P. Grigolini,
and G. Pastori Parravicini, eds. (I Prigogine and S. A. Rice, general eds.) Adv. Chem.
Phys. 62:225 (1985).

18. R. L. Cukier, K. E. Shuler, and J. D. Weeks, J. Stat. Phys. 5:99 (1972); M. Maekawa and
K. Wada, Phys. Lett. 80A:293 (1980).

19. S. Grossmann and B. Sonneborn-Schmick, Phys. Rev. A25:2371 (1982).

20. R. Zwanzig, Phys. Rev. 124:983 (1961).

21. H. S. Wall, dnalytical Theory of Continued Fractions (Van Nostrand, New York, 1948).

22. L. Fronzoni, P. Grigolini, B. Mannella, and B. Zambon, Phys. Lert. 107A:204 (1985).

23. (a) S. Novak and R. G. Frehlich, Phys. Rev. 26A:3660 (1982); (b) M. H. Jensen, P. Bak
and T. Bohr, Phys. Rev. 30A:1960 (1984); (c) T. Bohr, P. Bak, and M. H. Jensen, Phys.
Rev. 30A:1970 (1984); (d) B. A. Huberman and J. P. Crutchfield, Phys. Rev. Lett. 43:1743

V]

S PN WA W

—



Duffing Oscillator in the Low-Friction Limit 579

(1979); (e) D. D’Humieres, M. R. Beasley, B. A. Huberman, and A. Libchaber, Phys. Rev.
26A:3483 (1982).

24. L. Landau and E. Lifshitz, Mecanigue (Mir, Moscow, 1976).

25. R. L. Stratonovich, Topics in the Theory of Random Noise, Vol. 1 {Gordon and Breach,
New York, 1967), p. 115.

26. V. Seshandri, B. J. West, and K. Linderberg, Physica 10TA:219 (1981).

27. 8. Faetti, C. Festa, L. Fronzoni, P. Grigolini, and P. Martano, Phys. Rev. 30A:3252
(1984).

28. L. Fronzoni (in preparation).

29. H. Risken, The Fokker—Planck Equation (Springer, New York, 1984), p. 358.

30. M. Giordano, P. Grigolini, P. Marin, and D. Leporini, in Memory Function Approach to
Stochastic Problem in Condensed Mather, M. W. Evans, P. Grigolini, and G. Pastori, eds.
(I Prigogine and S. A. Rice, general eds.) Adv. Chem. Phys. 62:321 (1985).

31. T. Fonseca and P. Grigolini, unpublished.



